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Abstract

The fractional Fourier transform is an important tool for both
signal processing and optical communities. This paper presents a tutorial
which includes the major related aspects of this transformation.

1. Introduction

The fractional Fourier transform (FRT) operation was shown to be useful for
various spatial filtering and signal processing applications [1-8]. The FRT is a
private case of the ABCD matrix. When the ABCD matrix accepts the form of:

A B| |[cos¢p -—sin¢
C D| |sin¢ cos¢
the ABCD transform becomes the FRT.

In this transform the amount of shift variance may be controlled by choosing the
proper fractional order p for the transformation while ¢ equals to pr/2. When the
fractional order is one, the FRT becomes the conventional Fourier transform that is
totally shift invariant. For fractional order of zero the FRT gives the input
function, i.e. totally shift variant. For any other fractional orders in between, the
transform has a partial amount of shift variance.
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2. FRT- Definition

There are two common interpretations for the FRT. Both definitions were proven
to be identical as shown in Ref. [7].

2.1 Definition based on propagation in graded index media

The first FRT definition [9-11] is based on the field propagating along a quadratic
graded index (GRIN) medium having a length proportional to p (p being the FRT
order). The eigen-modes of quadratic GRIN media are the Hermite-Gaussian (HG)
functions, which form an orthogonal and complete basis set. The m th member of

this set is expressed as:
2x x?
Y,x)=Hp [—-] exp[— —Z—J
@ ®

where H,, is a Hermite polynomial of order m and o is a constant associated with
the GRIN medium parameters. An extension to two lateral coordinates x and y is
straightforward, with y,(x)y,(y) as elementary functions.

The propagation constant for each HG mode is given by:

. =k\/1-z \[E(mljzkﬂ \/E(mij
k\{n; 2 nj 2

with k=27/A and X is the wavelength. The HG set is used to decompose any
arbitrary distribution u(x)

u(x) = Ap¥n(x)
m
where the coefficient A, of each mode y,(x) is given by:

Am = [ 0G0%p (x)/hpdx
with
hy =2"mlVro/V2
Using the above decomposition, the FRT of order p is defined as:
SP[u](x) = Y Am¥m (X) exp(iBmpL)
m

L=0 M
2 n,

L is the GRIN length that results in the conventional Fourier transform. It was
shown [10] that this definition agrees well with the classical Fourier transform
definition when p=1.



2.2 Definition based on Wigner distribution function

A complete signal description, displaying space and frequency information
simultaneously, can be achieved by the space-frequency Wigner distribution
function (WDF) [12].

In Ref. [13] the fractional Fourier transform operation is defined by following the
signal u(x) while its WDF is rotated by an angle ¢$=pn/2. Note that the WDF of a
1-D function is a 2-D function and the rotation interpretation is easily displayed.

In Ref. [13], the same rotation strategy was generalized to 2-D signals, i.e. images,
whose WDFs are 4-D distributions. The WDF of a function can be rotated with
bulk optics [13].

This optical setup represents in the WDF space three shearing operations:
X,v-shearing or v,x-shearing. Where v is the spectral coordinate and x is the spatial
one. The x-shearing is performed by free-space propagation, then a lens performs
v-shearing, then again x-shearing is performed by free-space propagation. By
analyzing the optical configuration of Ref. [13], Lohmann obtained:

2 2
up(0 = P [u(x))=C, | “("O)e"p[i" " s ]eXp(—izn T ¢de0

exp[— i( nsgn(sin ¢)) _ 9}
4 2

| Afy sin 9|
This last equation defines the FRT for 1-D functions. Generalization for 2-D
functions is straightforward. Note that Af; is also coined the scaling factor.

with

C1=

The two interpretations of the FRT operation have been united into one
formulation through a transformation kernel, as illustrated in Ref. [8]:

up (%) = SPlu(x"H)(x) = IBP (x, x"Hu(x")dx’

where By(x,X) is the kernel of the transformation and p is the fractional order. The
kernel has two optical interpretations, one as a propagation through GRIN medium

[10]
2 12 | © .—pn '
Bp(x,x')=\/5exp{—x X JZ‘ i H,,(‘EXJH,{‘EX]
[Q] (0]

n=02 "t ()
and the second as a rotation operation applied over the Wigner plane [13]

2 2 '
B, (x,x') = C exp| inf ~———— | - 2i| —x
Af; tan ¢ Af) sin ¢
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Note that o is the coefficient that connects the two interpretations:

[Af)
®=,—
T

3. Properties of the FRT

e Linearity:
The FRT of a linear combination of two input functions u, and u, behaves
according to the definition of linear systems. ¢, and ¢, are constants.

IPleju (x) +causp (X)) =1 3P [u (x)]+ ¢, 3P [u, ()]

e Continuity:
Two FRTs with different orders p; and p, yield the following theorem:

FEPFEP) [y(x)] = FOP[FOP2 (u(x))] = I°P2 [FP (u(x))]
e Parseval's theorem:
fluotxo)? dxg = flupxp) 1 dx,,
e Shift theorem:
If the input object is shifted by the amount of a, then its FRT yields:
up(x;a)= SPlug(xq +a)] = exp[ina sin $(2x +a cos ¢)Ju p(x+acos¢)

e Scaling theorem:
If the input object is scaled by the factor of a, then its FRT yields:

up(x;2) = SPugaxo)] = S uy =

p
.2 2 1 1
sin“¢fa’ —— +—
oot os2 )L

where

. 2. 4

-1
v = exp inx“(a )
a4tan¢+

tan ¢
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