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Scintillation index analysis for multi-wavelength
Gaussian beams in turbulent underwater channels
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ABSTRACT. We investigate the scintillation index of multi-wavelength Gaussian optical beams
propagating through a turbulent optical channel. We consider a turbulent environ-
ment ranging from weak to strong, with a specific focus on the weak turbulent
regime. Furthermore, the impacts of absorption and scattering effects are taken into
account. It is shown here that the use of a multi-wavelength beam results in a reduc-
tion in the scintillation index, thereby enhancing the performance of the underwater
optical link.
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1 Introduction
In recent years, the demand for underwater communication applications has steadily increased
due to applications such as collecting scientific data, monitoring the environment, exploring oil
fields, and shipping to submerged platforms (submarines), maritime archaeology, and port secu-
rity, which demand the ability to communicate in an underwater environment. These applications
have fueled the need for high-speed wireless communication and high-quality imaging in under-
water environments.1 Furthermore, novel applications such as the Internet of Underwater Things,
network-centric communication and imaging, and communication among autonomous under-
water vehicles, along with underwater-to-satellite communication and underwater-to-ground,
have attracted substantial interest from researchers in recent decades. However, underwater wire-
less optical communications (UWOC) face limitations in link length, typically spanning tens of
meters. This constraint results from the interplay of turbulence phenomena, scattering, and
absorption, driven by the chaotic and challenging conditions of underwater media. Among these,
scattering and absorption play dominant roles in attenuating optical waves in the underwater
environment.2–4 Although optical signaling holds promise for achieving high-quality imaging
underwater and high-speed wireless connectivity, it faces significant challenges due to optical
turbulence in water.

Turbulence occurs due to rapid, though spatially gentle, fluctuations in the refractive index
of the water. To address this, precise analytical models of the spatial power spectrum across
various conditions are required. These conditions are the result of temperature and salinity fluc-
tuations, which are the two primary factors impacting optical turbulence. In turbulent water, the

*Address all correspondence to Shideh Tayebnaimi, shideh.tayebnaimi@utdallas.edu

Optical Engineering 128105-1 December 2024 • Vol. 63(12)

https://orcid.org/0009-0005-7618-4031
https://orcid.org/0000-0003-2662-9010
https://doi.org/10.1117/1.OE.63.12.128105
https://doi.org/10.1117/1.OE.63.12.128105
https://doi.org/10.1117/1.OE.63.12.128105
https://doi.org/10.1117/1.OE.63.12.128105
https://doi.org/10.1117/1.OE.63.12.128105
https://doi.org/10.1117/1.OE.63.12.128105
mailto:shideh.tayebnaimi@utdallas.edu
mailto:shideh.tayebnaimi@utdallas.edu
mailto:shideh.tayebnaimi@utdallas.edu


refractive index power spectrum is significantly influenced by the average fluctuations in temper-
ature and salinity and, consequently, optical signal transmission.5,6

Researchers investigate UWOC channel models by accounting for various noise sources
utilizing radiative transfer theory.7 The scintillation index, which reflects the resulting intensity
fluctuations, emphasizes the considerable influence of turbulence on optical signal
transmission.8,9

The majority of investigations into laser beam propagation center around single-wavelength
lasers encountering optical turbulence. To reduce the impact of turbulence, employing a diversity
measure is suggested. One approach involves exploiting the wavelength-specific characteristics
of the turbulent medium.10–15 Specifically, in Ref. 10, it has been shown that the scintillation
index of an optical beam with multiple wavelengths is superior to that of a single-wavelength
beam.

In contrast to Free Space Optics (FSO), UWOC experiences significantly greater propaga-
tion losses due to several key factors, including the variability of the refractive index with
changes in water conditions and the limited usable power spectrum affected by selective absorp-
tion of light. In general, there are two unique characteristics of UWOC that set this analysis apart
from its FSO counterpart.

• Refractive index and power spectrum: The refractive index in FSO is generally stable and
minimally affected by environmental changes, whereas in UWOC, it varies significantly
with changes in water temperature, salinity, and pressure, introducing refraction effects that
can distort optical signals.

• Signal attenuation and absorption: In FSO, signal attenuation primarily depends on dis-
tance and atmospheric conditions, such as turbulence, fog, or rain, which scatter light and
reduce visibility. UWOC suffers from much more pronounced signal degradation due to
absorption and scattering from water molecules and suspended particles, as well as turbu-
lence caused by water currents or thermal gradients, leading to rapid attenuation that
exceeds that of FSO systems.

2 Channel and System Models
The analysis assumes that backscattering and depolarization effects are negligible, the refractive
index is delta-correlated along the direction of propagation, and the parabolic (paraxial) approxi-
mation is applicable. By assuming a sinusoidal time variation (i.e., a monochromatic wave) in the
electric field, it is well established that Maxwell’s equations for the vector amplitude EðRÞ of a
propagating electromagnetic wave directly result in:16

EQ-TARGET;temp:intralink-;e001;114;318 ∇2EðRÞþ κ2n2ðRÞEðRÞ ¼ 0; (1)

where R represents a vector in the transversal plane, EðRÞ denotes the electric field magnitude of
the light, k ¼ 2π

λ is the wave number of the electromagnetic wave, λ is the wavelength, nðRÞ is the
refractive index with the suppressed time variations, and ∇2 is the Laplacian operator. This con-
cept can be extended to the multi-wavelength light case (for more details, see Appendix A in
Ref. 11). In that event, we have

EQ-TARGET;temp:intralink-;e002;114;231 ∇2ElðRÞþ κ2l n
2ðRÞElðRÞ ¼ 0; l ¼ 1; : : : ;M; (2)

where the wave number is defined as kl ¼ 2π
λl
for the l’th wavelength and ElðRÞ represents the

magnitude of the electric field for the l’th wavelength of the light.
The electric field produced by the multi-wavelength optical radiation is described as

EQ-TARGET;temp:intralink-;e003;114;168EðR; tÞ ¼
XM
l¼1

ElðRÞ exp
�
j

�
2πct
λl

þΦlðtÞ
��

; (3)

with EðR; tÞ is the electric field at location R and time t and ΦlðtÞ refers to the phase noise
associated with the l’th wavelength, causing the l‘th wavelength component of the beam to
exhibit a Lorentzian spectral shape. By applying the Rytov approximation, a perturbation method
for modeling the received optical beam yields
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EQ-TARGET;temp:intralink-;e004;117;736EðrÞðR; tÞ ¼
XM
l¼1

EðrÞ
l ðRÞ expðΨlðRÞÞ exp

�
j

�
2πct
λl

þΦlðtÞ
��

; (4)

in which EðrÞ
l ðRÞ represents the received electric field for the l‘th mode without the atmospheric

turbulence and ΨlðRÞ indicates the complex amplitude and phase perturbation caused by
turbulence.

2.1 Power Spectrum
The power spectrum of a Gaussian beam based on the modified Nikishov spectrum can be
represented as follows:17

EQ-TARGET;temp:intralink-;e005;117;613

ΦnðκÞ ¼
1

4π
C0

�
α2χT
ω2

�
ϵ−

1
3κ−

11
3 ½1þC1ðκηÞ23�

×
�
ω2 expðC0C−2

1 P−1
T δÞþ dr expðC0C−2

1 P−1
S δÞ

− ωðdr þ 1Þ exp
�
−C0C−2

1 P−1
TS

2
δ

��
; (5)

with κ representing the magnitude of the spatial frequency and ε (measured inm2∕s3) denotes the
energy dissipation rate. The constants C0 and C1 have values of 0.72 and 2.35, respectively. In
addition, χT is the thermal expansion coefficient of the Kolmogorov micro-scale length and η (in

m−1) is given by η ¼ ν
4
3ε−

1
4, where ν is the kinematic viscosity. ω represents the relative intensity

of temperature and salinity fluctuations and can be determined as

EQ-TARGET;temp:intralink-;e006;117;454 ω ¼ αðdT∕dzÞ
βðdS∕dzÞ ; (6)

where α and β are the coefficients for thermal expansion and saline contraction, respectively.
Moreover, ðdT∕dzÞ represents the temperature difference, and ðdS∕dzÞ denotes the salinity dif-
ference between the top and bottom boundaries.

In Eq. (5), the Prandtl number for temperature is denoted by PT, whereas PS represents the
Prandtl number for salinity. PTS is defined as half the harmonic mean of PT and PS, dr stands for

the eddy diffusivity ratio, and δ ¼ 1.5c21ðκηÞ
4
3 þC3

1ðκηÞ2.18,19

2.2 Scintillation Index
Scintillation, which refers to fluctuations in received irradiance caused by turbulence during the
propagation of optical waves, can be analyzed by considering the scintillation index varying with
the transverse vector length r ¼ jRj on the transverse plane and the propagation distance L. The
dependency on r is due to the symmetrical nature of the Gaussian beam in the transversal plane.
The scintillation index can therefore be expressed as16,20

EQ-TARGET;temp:intralink-;e007;117;267σ2I ðr; LÞ ¼
D
I2ðr; LÞ

E
D
Iðr; LÞ

E
2
− 1; (7)

where Iðr; LÞ is the intensity of the received signal and hi denotes an ensemble average of the
enclosed. To assess the scintillation index, we first compute the irradiance of the received optical
field. The intensity of the received signal can be represented by the following model:

EQ-TARGET;temp:intralink-;e008;117;180Iðr; LÞ ¼ hjEðrÞðr; LÞj2it ¼
XM
l¼1

jEðrÞ
l ðr; LÞj2 exp½ψ lðr; LÞþψ�

l ðr; LÞ�; (8)

where hit signifies the time average of the enclosed quantity. Given that jEðrÞ
l ðr; LÞj2 ¼ Alðr; LÞ

denotes the signal intensity for the l’th beam component in a non-turbulent scenario, the intensity
of the multi-wavelength received field is given by
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EQ-TARGET;temp:intralink-;e009;114;736Iðr; LÞ ¼
XM
l¼1

Alðr; LÞ exp½ψ lðr; LÞþψ�
l ðr; LÞ�: (9)

Letting ζlðr; LÞ ¼ Re½ψ lðr; LÞ� denote the real part of ψ lðr; LÞ, the total intensity Iðr; LÞ can
be expressed as

EQ-TARGET;temp:intralink-;e010;114;675Iðr; LÞ ¼
XM
l¼1

Alðr; LÞ exp½2ζlðr; LÞ�: (10)

To further quantify the average intensity, Iðr; LÞ, we utilize the same structure and express it
as

EQ-TARGET;temp:intralink-;e011;114;606Iðr; LÞ ¼
XM
l¼1

Alðr; LÞexp½2ζlðr; LÞ�; (11)

where ζlðr; LÞ denotes the random component associated with each mode. By inserting the

expressions for Iðr; LÞ and Iðr; LÞ from Eqs. (10) and (11) into the definition of the scintillation
index from (7), we obtain

EQ-TARGET;temp:intralink-;e012;114;526σ2sc ¼
P

M
l1¼1

P
M
l2¼1 Al1ðr; LÞAl2ðr; LÞðexp½2ζl1ðr; LÞþ 2ζl2ðr; LÞ�Þ

½PM
l¼1 Alðr; LÞexp½2ζlðr; LÞ��2

− 1: (12)

It follows that Γl ¼ exp½2ζlðr; LÞ� and Γl1l2 ¼ exp½2ζl1ðr; LÞþ 2ζl2ðr; LÞ� are required to
continue.

Thus, γlðr; LÞ is defined as the mean of the real part of ψ lðr; LÞ, as shown by

γlðr; LÞ ¼ ζlðr; LÞ ¼ Re½ψ lðr; LÞ�. Consequently, we can express the above equations as shown
below:

EQ-TARGET;temp:intralink-;e013;114;417Γlðr; LÞ ¼ exp½2ζlðr; LÞ� ¼ exp½2ðγlðr; LÞþ σ2l ðr; LÞÞ�; (13)

EQ-TARGET;temp:intralink-;e014;114;380Iðr; LÞ ¼
XM
l¼1

Alðr; LÞΓl; (14)

EQ-TARGET;temp:intralink-;e015;114;343Γl1l2ðr; LÞ ¼ exp½2ζl1ðr; LÞþ 2ζl2ðr; LÞ� ¼ Γl1Γl2 exp½4Rl1l2ðr; L; r; LÞ�; (15)

and

EQ-TARGET;temp:intralink-;e016;114;322σ2sc ¼
P

M
l1¼1

P
M
l2¼1 Al1ðr; LÞAl2ðr; LÞΓl1l2ðr; LÞ
½PM

l¼1 Alðr; LÞΓlðr; LÞ�2
− 1: (16)

To calculate σ2sc, it is evident that one needs not only the variance of ζlðr; LÞ, given by
EQ-TARGET;temp:intralink-;e017;114;269

Rllðr;L; r;LÞ ¼ σ2l ðr;LÞ ¼ ζ2l ðr;LÞ

¼ 1

2
Re½Ψlðr;LÞΨ�

l ðr;LÞ�

þ 1

2
Re½Ψlðr;LÞΨlðr;LÞ�; (17)

but also the correlation between ζl1ðr; LÞ and ζl2ðr; LÞ, expressed as
EQ-TARGET;temp:intralink-;e018;114;179

Rl1l2ðr;L; r;LÞ ¼ ζl1ðr;LÞζl2ðr;LÞ

¼ 1

2
Re½Ψl1ðr;LÞΨ�

l2
ðr;LÞ�

þ 1

2
Re½Ψl1ðr;LÞΨl2ðr;LÞ�; l1 ≠ l2: (18)

By observing that Rl1l2ðr; L; r; LÞ ¼ Rl2l1ðr; L; r; LÞ and Γl1l2ðr; LÞ ¼ Γl2l1ðr; LÞ, after solv-
ing and combining the equations, the scintillation index of a multi-wavelength beam can be
computed as follows:11
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EQ-TARGET;temp:intralink-;e019;117;736σ2scðr;LÞ¼
P

M
l¼1A

2
l ðr;LÞΓ2

l ðr;LÞexpð4σ2l ðr;LÞÞþ2
P

M
l1¼1

Pl1−1
l2¼1Al1ðr;LÞAl2ðr;LÞΓl1l2ðr;LÞ

½PM
l¼1Alðr;LÞΓlðr;LÞ�2

−1;

(19)

where Γlðr; LÞ and Γl1l2ðr; LÞ are given by Eqs. (13) and (15), respectively.
Further, for a Gaussian beam, σ2l ðr; LÞ, γlðr; LÞ, and Rl1l2ðr; L; r; LÞ can be represented as

follows11,16 [pp. 145-151]:
EQ-TARGET;temp:intralink-;e020;117;650

σ2l ðr; LÞ ¼ 2π2k2l L
Z

1

0

Z
∞

0

κΦnðκÞ exp
�
−κ2η2LΛl

kl

�

× I0

�
ð2κΛljrjÞ −

�
cos

�
κ2Lηð1 − ηÞΘ̂l

kl

���
dκdη; (20)

EQ-TARGET;temp:intralink-;e021;117;569

γlðr; LÞ ¼ −2π2k2l L
Z

1

0

Z
∞

0

κΦnðκÞ

×
�
1 − exp

�
−κ2η2LΛl

kl

�
cos

�
κ2Lηð1 − ηÞΘ̂l

kl

��
dκdη; (21)

and
EQ-TARGET;temp:intralink-;e022;117;508

Rl1l2ðr; L; r; LÞ ¼ 2π2kl1kl2L
Z

1

0

Z
∞

0

κΦnðκÞ

× Re

�
J0ðκηð½Θl1 − Θl2 � − jðΛl1 þΛl2ÞÞjrjÞ

× exp

�
−jκ2L

�ð1 − ηÞþ ηðΘl1 − jΛl1Þ
2kl1

−
ð1 − ηÞþ ηðΘl2 þ jΛl2Þ

2kl2

�
η

�

− J0ðκηð½Θl1 − Θl2 � − jðΛl1 − Λl2ÞÞjrjÞ

× exp

�
−jκ2L

�ð1 − ηÞþ ηðΘl1 − jΛl1Þ
2kl1

þ ð1 − ηÞþ ηðΘl2 − jΛl2Þ
2kl2

Þη
��

dκdη;

(22)

respectively. In the above, I0ðxÞ ¼ J0ðjxÞ is the modified Bessel function of the first kind and
order zero, and J0ðÞ is the Bessel function of zero order. Also, the Fresnel ratio of the Gaussian
beam and the curvature parameter at receiver planes are Λl ¼ Λ0;l∕ðΘ2

0 þΛ2
0;lÞ and

Θl ¼ Θ0∕ðΘ2
0 þΛ2

0;lÞ, respectively. Moreover, the Fresnel ratio and the curvature parameter

at the transmitter planes are Λ0 ¼ 2 L∕klW2
0 and Θ0 ¼ 1 − ðL∕F0Þ, respectively, where W0

is the beam radius, F0 is the phase front radius of curvature, and Θ̂l ¼ 1 − Θl is the comple-
mentary parameter.

3 Numerical Results
The numerical analysis is carried out, and without loss of generality, several parameters are fixed.
That is, the temperature is set at 20°C and salinity at 35 ppt. Pressure = 0 dBar and
ω ¼ −0.3508.21 Furthermore, a collimated beam (F0 ¼ ∞) and the scintillation index are evalu-
ated at the beam’s focal point, i.e., r ¼ 0. Given that absorption holds the greatest influence in
underwater environments, the segment of the visible light spectrum ranging from ∼450 to
485 nm, known as the blue region, experiences minimal attenuation in comparison to different
areas of the light spectrum.22 To underscore the overall advantage of wavelength diversity, vari-
ous wavelengths spanning from 480 to 600 nm are employed across different regions, including
the blue-green, green, and yellow regions.

Figure 1 illustrates how the scintillation index σ2scðr; LÞ varies with the propagation distance
L, for the case where Alðr; LÞ ¼ 1. The scintillation index is calculated for each individual wave-
length: M ¼ 1 (λ ¼ 480 nm, λ ¼ 532 nm, and λ ¼ 600 nm), pairs of wavelengths M ¼ 2

((λ ¼ 480 and λ ¼ 532 nm), (λ ¼ 480 and λ ¼ 600 nm), and (λ ¼ 532 and λ ¼ 600 nm)), and
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for M ¼ 3 (λ ¼ 480, λ ¼ 532, and λ ¼ 600 nm) to demonstrate the advantages of wavelength
diversity. The chosen wavelength range (480 to 600 nm) is limited due to absorption character-
istics in underwater environments.

The data clearly indicate that wavelength diversity significantly influences the scintillation
index at the center of the beam for the wavelengths investigated. For instance, at a typical dis-
tance of L ¼ 10 m, using two wavelengths results in a reduction of at least 42%, whereas
employing three wavelengths achieves a reduction of up to 60% compared with using a single
wavelength. In addition, switching from two to three wavelengths results in a further reduction of
the scintillation index exceeding 28%.

With increasing the propagation distance (e.g., L ¼ 20 m), the impact of wavelength diver-
sity becomes even more pronounced. These findings underscore the significant benefits of
employing multiple wavelengths to mitigate scintillation effects, especially over longer distances.

In Fig. 2, the scintillation index is plotted against W0, which represents the beam radius at
the transmitter. As anticipated, there is a slight increase in the scintillation index with higher
values of W0, particularly at higher propagation distances. Interestingly, the scintillation index
shows a steady increase with longer propagation distances and remains relatively constant over
these distances. Moreover, this illustrates how utilizing multiple wavelengths can effectively
reduce scintillation at long distances. This method is particularly advantageous for maintaining
signal quality across varying distances and beam conditions.

Figure 3 demonstrates an increase in the scintillation index as the temperature dissipation
rate changes. This occurs because higher dissipation rates lead to a greater energy transfer from
larger turbulent eddies to smaller ones, resulting in more pronounced velocity fluctuations. In
turbulent flows, the chaotic variation of fluid velocity, caused by the presence of eddies and
vortices of varying sizes, directly impacts intensity fluctuations. The comparison between
Figs. 3(a) and 3(b) highlights that the scintillation index increases with rising temperature and
higher energy dissipation rates, emphasizing the influence of temperature fluctuations on scin-
tillation behavior in underwater environments. This is because the viscosity of water decreases
with increasing temperature, allowing it to flow more easily and resist shear flow less. Lower
viscosity at higher temperatures enhances the formation and size of turbulent eddies. In regions
with lower viscosity, energy from turbulent eddies cascades more effectively to smaller scales,
where it dissipates as heat, leading to a higher energy dissipation rate in warmer water.

Figure 4 demonstrates how the scintillation index is affected by the energy dissipation rate at
L ¼ 10 m. The energy dissipation rate (ϵ) is a critical parameter reflecting the intensity of tur-
bulent mixing in the underwater environment. This turbulence directly influences optical wave
propagation through fluctuations in the water’s refractive index. As ϵ increases, a notable
decrease in the scintillation index is observed across all wavelength configurations, including

Fig. 1 Scintillation index versus propagation distance.
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Fig. 2 Scintillation index versus transmitter beam radius at various distances.
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Fig. 3 Scintillation index versus temperature dissipation rate at various temperatures.

Fig. 4 Scintillation index versus energy dissipation rate.
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both single and multiple wavelengths. This inverse relationship between ϵ and the scintillation
index can be attributed to the nature of turbulent mixing. Higher ϵ values indicate more intense
turbulence, which tends to homogenize the water medium by reducing the scale of refractive
index fluctuations. Consequently, the optical wavefront experiences less severe phase and ampli-
tude distortions, leading to a reduction in scintillation effects.

The analysis reveals that single-wavelength systems are more susceptible to scintillation,
particularly at shorter wavelengths. For instance, the shortest wavelength (λ ¼ 480 nm) consis-
tently exhibits the highest scintillation index values across all energy dissipation rates, due to its
increased sensitivity to smaller-scale refractive index variations. By contrast, longer wavelengths
(λ ¼ 600 nm) show comparatively lower scintillation index values, as they are less affected by
these small-scale fluctuations. However, the deployment of multi-wavelength systems signifi-
cantly mitigates scintillation effects. The data demonstrate that using two or three wavelengths
leads to a pronounced reduction in the scintillation index, with the three-wavelength configu-
ration (λ ¼ 480; 532, and 600 nm) consistently achieving the lowest scintillation index values.
This reduction can be attributed to the diversity effect, where different wavelengths interact with
the turbulent medium in a complementary manner, effectively averaging out the refractive index
fluctuations over the spectrum of wavelengths.

4 Conclusion
In this study, a wavelength diversity method was presented to reduce the scintillation impact. A
multi-wavelength beam was studied for practical implementation, where beams of distinct wave-
lengths are merged at the transmitter and then sent along a singular optical route. The study
investigated several parameters, including temperature, salinity concentration, link length, wave-
length, and energy dissipation rates. These factors play a crucial role in understanding and opti-
mizing underwater optical communication systems. Numerical analysis of the presented results
highlights the impact of increasing the number of wavelengths on the deduction of the scintil-
lation index. Another significant finding demonstrates the impact of temperature on the dissi-
pation rate and, consequently, the scintillation index due to thermal eddies.
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